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ABSTRACT 231 il

It is found possible to give a coherent interpretation of
the time history of the intensity of several solar cosmic ray
events in terms of a unified interplanetary diffusion model
which assumes that the diffusion coefficient D =M rB , where
r is the heliocentric radial distance and M and B are parameters,
which may be dependent on particle energy E. The model is
particularly successful in accounting for the decay phases.
For the September 28, 1061 event M varies as EC°> and,
assuming spherical geometry, B is equal to one for
55 < E < 500 MeV and decreases rapidly at lower energies.
At T = 1 A.U. the mean free path A is about 0.081 A.U. for
E ~ 200 MeV and 0.15 for E = 23 MeV. The energy dependences
of B and A suggest 0.006 A.U. as the order of magnitude of
the scale size of irregularities in the interplanetary magnetic
field. The source spectrum is inferred. The possibility of
non-spherical geometry of diffusion is considered, as is the

implication of the results with respect to the solar modulation

of galactic cosmic radiation. W{Mﬁ/



INTRODUCTION

Many studies of the time dependence of the intensity of
solar cosmic rays [Meyer et al., 1956; Bryant et al., 1962,
1964; Charakhchyan et al., 1962; Hoffman and Winckler, 1963;
Winckler and Bhavsar, 1963] have suggested that diffusion plays
an essential role in the interplanetary propagaticn of such
particles. It is usually possible to f£it observed intensity
data up to and somewhat beyond the time of maximum intensity
by assuming an infinitely extended, diffusive medium conéisting
of a uniform distribution of isotropically-scattering centers.
Plausible values of diffusion coefficients are found but this
simple model is strikingly inadequate in accounting for the
decay phase of observed intensity-versus-time data..‘ Hence,
it has become customary to add an additional ad hoc feature to
the model, namely a perfectly transmitting outer boundary to
the diffusive region in the form of sphere of radius r ° centered
in the sun. This feature causes a more rapid decay and ternds
to give a reasonably satisfactory fit to observed data, with
values of r, typically equal to 2 or 3 astronomical units.
Such large values of r o do not affect the fit to early-time
data, given by the first phase of the calculation [ Hoffman and
Winckler, 1963; Winckler and Bhavsar, 1963; Krimigis and Lin,
1964].



The foregoing two-phase model predicts a strictly
exponential decay of intensity. Such decays are known to occur
but are by no means the only type observed. Power law decays
have been seen [Arnoldy et al., 1960; Anderson and Enemark,
1960; Winckler et al., 1961; Lin and Van Allen, 1963], as
have decays which fit neither an exponential nor a power law
[Barl, 1961; Krimigis and Van Allen, to be published]. The
present paper analyzes the time dependence of intensity of
several solar cosmic ray events in terms of a samewhat
different model, which eppeals to the author, at least, as
having a more natural physical character, and which has
sufficient parametric flexibility to account for wvarious

laws of decay.




THE MODEL

There is not yet sufficient direct knowledge of the
interplanetary magnetic field to permit the calculation of
particle trajectories in a "microscopic” manner. It is
probable, however, that the effective diffusion coefficient
for a charged particle is a function of particle erergy, of
position in space, of directicn, and of time.

No attempt at full generslity is made here. Only a
modest generalization of the uniform isotropic model is
attempted.

Specifically, it is assumed

(a) That particles diffuse in a random walk through a
medium of static scattering centers,

(b)  That the scattering is isotropic, and

(c) That particles neither gain nor lose energy in the

scattering process;
but that

(a) The density of scattering centers diminishes with
increasing radiel distance r from the sun, but is
not a function of heliographic latitude or
longitude.

This type of model appeared first, to the author's knowledge,
as one of a muber of models set forth in E. N. Parker's book

"Interplanetary Dynamical Processes” [1961, p. 217]. We propose



to examine it in detail and check its predictions with the
experimental data at hand.

In order to obtain an explicit solution to the diffusion
equation we must assume a specific form for the spatial depen-
dence of the diffusion coefficient. Iet us assume, following
Parker, that the diffusion coefficient D varies as a power

of r, that is,

D =M,

where B and M are parameters independent of r but possibly

dependent on particle energy. Then the diffusion equation for

isotropic scattering of particles of a given energy is

29 _ 1 2 o 3P
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Here ¢p the number of particles per unit volume

at position r, at time t, of energy E.

a = parameter specifying the dimensionality of the
space to be used.
A solution to an equation of this form is written down without
proof by Parker in the forementioned book. We feel that the
detailed solution is of interest and have therefore worked it
out with the necessary modifications for the present purpose and

have presented it in Appendix T.



In order to transform solution (15A) in Appendix I

to directly observable quantities we use the relation

_ hw1
p = -~
L
I = directional intensity

= no. (unit area, unit time, unit solid zemgle)'l .

4
"

velocity of the particle of given energy.

In writing down the above relation we have assumed explicitly
that the intensity is isotropic. It should also be noted that
the development has been for perticles of a given energy only.

Then (154) becomes
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where 8 < 2 .
N = no. of particles per unit solid angle emitted

at t=0.

Multiplying both sides by £/ B) 14 tewing logaritims

we have
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Now, if we plot An 1 £(@1)/(2B) o -1

we have a family of
straight lines corresponding to various numerical values of the
ratio ( %t—% ). The slope of a particular straight line is

given by

1-2'a
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slope = m =

the intercept of the lire with the t=* axis gives us the term

intercept = b

(a+1)/(2-)
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By taking the derivative of I in equation (2) with
respect to time and setting it equal to zero, we find the
time of maximum intensity t max® Thus setting,

we find
1 2P @l _ o
M 3 556 -
(2-8) L
or
2-H
1 r
twx = W CE)ED C (6)

In terms of the slope, the last equation can be rewritten as

follows:
2
t = mv %‘_-i . ! (7)

For the case of radial diffusion away from a point source in

three-dimensional space, 0=2 and equation (7) becomes:

tm=m2§g. (8)
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DISCUSSION

To summarize, we have equation (1) whose solution in terms
of intensity is equation (2), with the supplemental expressions
(4), (5), and (7). These expressions give us a complete descrip-
tion of the variation of the intensity as a function of time and
position in space. A set of calculated curves showing the time
variation for various distances is given in Figure 1. It is
clear from equation (2) that the decay is not a negative
exponential in time, though segments of the decay curve may be
so approximated over periods of time whose lengths depend on the
values of r and M. As seen in Figure 1 for the cases r = 3
or 4 A.U., the decay is approximately an exponential over the
time period 15 to 40 hours. But from equation (2) it is seen
that the intensity approachesasymptotically a t~ (c+1)/(2-8)
decay at large t. If we plot the calculated intensity vs time
in a log~log plot (Figure 2) we observe that even as late as
fifty hours after the beginning of the event, the intensity at
r = 1 A.U. has not yet reached the asymptotic decay law which
in this exemplary case is £,

It is clear from the above examples, that the apparent

law of decay of intensity is a function of M and of the radial




distance (as well as of the values of @ and B). Moreover, it
should be recalled that M and 8, in particular, are probably
functions of particle energy. Thus, it is seen that this
relatively simple model does provide a new level of flexibility
and physical insight in understanding observational data.

It is of further interest to examine the intensity as
a function of position for various times (Figure 3). We
observe that we start with a distribution strongly peaked at
the origin at t=1 hr, but at tzlod hrs the intensity is
nearly constant out to at least 6 A.U. Such curves offer an
additional basis for the interpretation of data obtained with
deep space probes at various heliocentric distances.

It is clearly desirable to derive values of M and of 8
from the detailed configuration of the interplanetary magnetic
field. PFor example, the intuitive expectation is that the
scattering of a charged particle by an inhomogeneity in a
magnetic field is a maximum when the cyclotron radius of the
particle's trajectory is comparsble to the scale of the
inhomogeneity and diminishes for both greater and lesser values
of the cyclotron radius. This expectation is confirmed by
detailed caleculation [Parker, 1964]. In due course, it may
be possible to use observed field configurations for more
comprehensive calculation. Meanwhile, we continue to use the

macroscopic point of view.




ATALYSIS OF OBSERVATIONAL DATA

The usefulness of the above theory will now be checked
by analyzing several bodies of observational dataon I vs t
at r ~ 1 A.U. in the framework of equation (3) and its
consequences. Specifically, the model implies that a plot of
Inz t(a+l)/ (2-8) vs 1/t will be a straight line for any value
of the quantity (a+1)/(2-B). It should be noted that
observational data at a single value of r carnot yield
separate determinations of @ and B, unless M is khown. An
assumption about the effective geometry is required (e.g.,
=2 corresponds to diffusion away from a point source in
three-dimensional space) for a unigue determination of B.
This assumption (0=2) has been used in the following
analysis. Insofar as observational data permit we have taken
the impulsive emission of solar cosmic rays (t=0) to have
occurred at the moment of emission of a burst of hard X-rays
during the course cf the flare, since it is plausible that
energetic particles are generated at this time. In the cases
where no solar X-reys were observed we have taken the
beginning of the optical flare as t=0. It is noted that
errors in selection of zero time of the order of a few
minutes have little effect on the values of B and M which are

derived from the full analysis of the I vs t data.
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(a) £n1 t(al-l)/(2-ﬁ) vs t~1 Plots.

Figure 4 shows a plot of data for the September 28,
1961 event, as observed by a 302 G.M. tube on Explorer XII
outside the magnetosphere [Van Allen et al., 1962]. The data
have been plotted for =2 and for several assumed values of B.
It is seen that the best approximation to a straight line is

obtained for B = 2/3; the value of is 0.077L (brs)™>.

M
2-p
(By dividing M by 2P we have dimen:ions in (hours )'l for the

above quotient; the numerical value of .'1'2.B is equal to one

at r = 1 A.U. for any B.) Note that the intensities used are

the integral intensities (EP > 23 MeV), and are only
approximately those of a monoenergetic assemblage of

particles. In agreement with earlier analyses as discussed

in the Introduction, the model gives a decisively inferior

representation of the data for B=C, that is, for a diffusion
coefficient which is independent of r.

Figure 5 shows a similar analysis for the solar cosmic
ray event of July 18, 1961. We find B = 4/5 and %—2_ is
0.055 (hours)'l. The case for B=0 is again shown ;or comparison.

Another case is shown in Figure 6 for the event of

April 15, 1963 [data from L. A. Frank, 1965]. The data are

ME)

25 = 0.104 (hours)-l.

well organized by this treatment with g=1,



1

The intensity-time profile of the event is shown in Figure 7.
It is possible that the observed particles are due to more
than one flsre, as suggested by the observed structure in the
intensity-time profile.

From study of these three cases, we observe that satis-
factory interpretation of the data can be obtained for similar
but somewhat different velues of f and M (see Table I).

These variations in values of the parameters are presumably
attributable to variations in the interplanetary medium and,

perhaps, to differences in the energy spectra of the particles.

(b) Dependence of B on E.

The next question that presents itself is the dependence
of B and of M on particle energy. We use additional data from
the Septerber 28, 1961 event obtained by Explorer XII with an
array of detectors by Bryant et al. [1964]. Figures 8 through
13 show data of these authors replotted in the manner previously
described. It is seen that all of these data for different
energy ranges are well represented by a single choice of B,
na.mely‘ B=l.0. See also Table I.

A plot of B(E) vs E is given in Figure 15 for the event
of September 28, 1961. It appears that B is independent of E

for E > 55 MeV but drops markedly between 55 and 235 MeV.
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The data point for E > 4O MeV (Figure 14) has the indicated un-
certainty due to the poor quality of the data late in the
event. However, it is possible to state that B is definitely
not as great as one and it is somewhat greater than 2/3.

From the fact that the radial dependence of D is a
strong function of particle energy for 23 < Ep < 87 MeV
it is evident that magnetic irregularities of different scale
dimensions exist. Furthermore, the spectrum of dimensions
must include ones comparable to the cyclotron radii of protons
of energy of the order of several hundred MeV or less
(e.g., ~ 0.004 A.U.). (See also the discussion associatféd

with Figure 18.)

fc) The Diffusion Coefficient as a
Function of Distance and Energy.

In Figure 16 we have plotted from the data of Table I
the diffusion coefficient D (E, r) as a function of r for
various energies. We observe that D (E, r) increases linearly
with distance above 55 MeV. We shall return later to the
question of the spatial dependence of the diffusion coefficient.

In Figure 17 the diffusion coefficient is plotted as a
function of energy for a given position in space. It should be

noted that the energy dependence of D is independent of



pogition in space if B is independent of energy. It is seen
that in this particular case for E > 55 MeV (B=1.0) the

diffusion coefficient can be written as

D(E, r) = 1.56 x 102 g2+335

E 2 55 MeV (9)
from which we have that
M(E) = 1.56 x 1072 g0-335 (20)

where E is in MeV and M {E) has the dimensions of (A.U.)/hr.
It appears from Figure 17 that D approaches a constant value
as the energy decreases below 55 MeV. In order to understand
the physical significance of this, we have plotted in

Figure 18 the mean-free-path A = 32 as a function of energy.
It is seen that A\ at 1 A.U. approaches a constant value of

~ 0.081 A.U. at high energies and that it increases rapidly
at low erergies. (The cyclotron radius of a 23 MeV proton

is smaller than that of a 450 MeV proton by a factor of 4.8.)
The apparent meaning of this result is that the cyclotron
radius of a 25 MeV proton is considerably smaller than the
dimensions of the most effective scattering centers. In this

vein of thought it would be expected that A would increase

again as E goes to higher values than those shown in Figure 18.
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A crude estimate of the dimensions of effective scattering
centers [cf. McCracken, 1962, and Parker, 1964] can be made
by finding the cyclotron radius of, say, a 450 MeV proton

(one for which A has a minimum value). In a magnetic field

of I gamma, this radius is 0.006 A.U.

(d) Total Number of Particles
and Enern §2ectrum.

We have seen from expression (5) that, knowing the values
of M and B, we can calculate the total mmber of particles
emitted at t=0. In the case where data are available for -
various energies, one is able to construct the energy
spectrum of the particles emitted at t=0 at the sun. The
results of this computation are shown in Figures 19, 20, 21,
and 22.

In these figures the data are plotted in four commonly
assumed forms, namely, a power law in energy, an exponential in
energy, a power law in magnetic rigidity, and an exponential in
magnetic rigidity, respectively. An inspection of the graphs
shows that any one of these laws can be used to describe the
spectrum within the indicated experimental errors. The best
fit appears to be the exponential rigidity spectrum in

Figure 22. The vertical error bars represent estimated
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maximum errors; the true errors are probably less. The

differential spectra for the three laws (omitting the

exponential in energy case) are as follows:

S

Rl&

an
dap

2.25 x

8.87 x

1.5 x

1052 g-(2.41 + 0.3)

(11)
1090 P-(3-7 + 0.3) (12)
1028 ¢~F/(173 2 30) (13)

In the above expressions the units are:

w Bl w BIE

in

number /MeV,

MeV,

number /MV,

MV.

It should be noted that an analysis of the same data by

Bryant et al. [1954] using normalization factors in an

intensity vs distance plot resulted in an energy spectrum at

t=0 which varied as E

analysis.

1.7

, in disagreement with the present
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A useful check on the above spectral forms is provided
by computing the number of particles of E > 23 MeV or
P > 209 MV, and comparing it with the "observed" number from

the 302 G.M. tube. Using equation (13) we have

(-

j‘ 1.53 x 1028 e'P'/]'73 ap

209
1.53 x 1028 x 173 x e"2°9/ 175

N >20
. 9 MV

]

0.79 x lO50 particles.

1?

This is to be compared with N~ 1 x 1030

s, computed directly from
equation (5) by use of the slope and intercept from Figure k.
The corresponding numbers predicted by the power law in energy
and power law in rigidity are 1.88 x 10°° and 1.82 x 1030,
respectively.

An elementary calculation shows that such numbers of
particles carry a very small fraction of the total energy of a
flare. This, if we assume the typical dimension of a flare to
be ~ Oh km with magnetic fields of about 1000 gauss, then the
total energy stored in the field is of the order of lO3 1 ergs.
On the other hand the total energy of 12.6 x .'!.Om particles of

E ~ 23 MeV is about 4.6 x 1026 ergs, that is, the energy



b of that contained

carried by the particles is less than 10~
in the flare region.

It is of special interest to observe the time evolution
of the differential energy spectrum. We can do this by use of
equation (2) with the appropriate constants fram Table I. The
energy spectrum "folds over" at early times and becomes
gradually softer as time increases. These resulis are consistent
with the observation of Bryant et al. [1962] and provide an

additional test of the internal consistency of the model.



RECAPITULATION AND COMMENTS

In the foregoing, the analysis of the time history of
the intensity of several solar cosmic ray events (at 1 A.U.)
has been made in terms of a unified model of interplanetary
diffusion which assumed that the effective diffusion coefficient
is a power law function of heliocentric radial distance and is
alsc a function of particle energy. It is found possible to
give a coherent interpretation of the time history* of the
intensity of each monoenergetic component with specific values
for the two parameters M and f. Sets of the empirical wvalues
of these parameters yield, directly, the energy and radial
dependence of the diffusion coefficient and of the diffusion
mean free path and, indirectly, the order of magnitude of the
scale size of inhomogeneities of the interrlanetary magnetic
field. Predictions are made on the radial dependence of the

time history of solar cosmic ray intensity. Also spectra for

*The present treatment is relatively inadequate to explain the
early data, that is, those during the first half-hour or so
after the flare. This inadequacy is presumably connected with
the early anisotropy and with possible delays in emission from
the influence of the sun [Reid, 1964]}.




the source function at the sun are derived. Our analysis was
based mostly on the September 28, 1961 event because of the
large body of observational data available. However, all of the
other events shown here, as well as those in process of analysis,
receive a coherent interpretation in terms of the model proposed.
It is important to note that the fit to experimental data
determines only the value of the quantity

& - 521*_% (1)
and not 0 and B separately. In the foregoing analysis it has
been assumed that 0=2. This value of Q corresponds to spherical
symmetry about the sun and immediately raises the issue that
particles from "back-side" flares rarely reach the earth in
measurable intensities. The value =2 is, however, equally
applicable to diffusion in a conical region whose vertex is at
the source and whose sidewall is bounded by radial lines through
the source. If the diffusion region is of a flared~trumpet shape
then @ > 2, and a different value of B is implied. Thus, taking

§ as the known quantity
B = 2-(w1)/d . (15)

A typical, observed value of d is 3. Hence for @ > 2
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(trumpet diffusion), B < 1; for & = 2 (spherical or conical
diffusion), B = 1; and for a = 1 (cylindrical diffusion in, say,
the ecliptic plane), B = 4/3: Parker [1963] points out that
the value of B =1 is a critica.:t one in the following sense:

The number of mean free paths between inner and outer radii r

and r2 is
T2 T2
qQ = & . | % .
r N :t'l
Thus
(ra)l-a - (rl)l-B
q o= forp<1l
(1 -8)
T2
q o= ﬂ n (= for 8 =1
1
1 1 1
ge= (=5 ) [ - z
p-t (r, N O
forg>1

and q @ as r2"°° for B =1lor B <1but is finite for
B > 1. Parker remarks that for § < 1, galactic cosmic rays
would experience an "infinite diffusive resistance” from

infinity and would therefore enter the inner soclar system at



2k

an infinitely slow rate, contrary to the evidence fram the
1ll-year modulation.

This line of argument might be taken to favor the
possibility that interplanetary diffusion is more nearly
cylindrical (as in the ecliptic plane) than spherical and
hence that a < 2 and B8 > 1.

The argument may be turned another way, however, by
noting that our values of B < 1 for Ep < LOO MeV during
September 1961 would imply the abgence of particles of such
energies in the galactic cosmic radiation at the earth. This
implication does indeed receive some support from the facts
[ Meyer and Vogt, 1963]. Also, it is not unreasonable to
suppose that the value of B increases for greater particle
energies; and it may vary during the solar cycle, corresponding
to different states of turbulence of the interplanetary medium.
Thus, even if r

2
any physical contradiction exists. On the contrary, we suggest

is taken to be infinite, it is not clear that

that the empirical wvalue of B as determined herein may provide

a significant insight on the entire question of the interplanetary
modulation of the galactic cosmic ray spectrum. Specifically,

it is of interest to study the variation of B (E) during a

solar cycle.
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APPENDIX

The Detailed Solution of Equation (1)

We have that

20 1 2 a 9p

2t ra R [ MI'B r ‘-—ar] - (lA)
Here P = the mwber of particles per unit volume at

positicn r, at time t, of energy E.

]
"

parameter specifying the dimensionality of the
space to be used.

The boundary condition is that p must vanish at infinity.

Iet T=Mt. Then

a2

©

_ L 2 o8 de
—raar(r ar)

W
-3

and, carrying out the differentiation

2
20 . P LL s (p) P EE (2a)

T or
Let us assume a solution of the form
P (r,7)=R(r) T (7). (34)

By meking the appropriate substitutions into (2A) we have



Since each side of the last equation is a function of only one

variable, we must have
2
107 £ 32w -1 1R _ .2
T5T = +(Q’+B)rB FET = K

where -k2 is a constant. We then have immediately

187 _ L2
T 27
Tze-kaT. (4A)
Now
2
I'Bg...2.8+(a+ﬁ)ra.l%+k2a=o
ar
or
2 2
fr.eg. L. o

The existence of tzae solution to this equation was proved by
Malmstén [1850]. This is a modified form of the Bessel equation
and it is satisfied by the following expression [see e.g.,

Watson, 1922]:

1 I 2k ]
ez b LG5, 6o

R(r) =

(64)
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vhere p = (p-1)/(2-8).
The complete solution is a superposition of solutions

(4A) and (6A), namely

1 ,
p (xr,7) = m Gy { dk k £(k) exp ( - k° T)
2k 1
x Jp[ = m] . (7a)

At T = 0, we have

p (r,0) = m { dkkf(k)Jp[-(%-a-’ :(‘3—]_}2-)751

or

= 2k 1 ’
{d.kkf(k)JP[-(BTa)' w]- (8a)

At this point we need to express f(k) in terms of p (r,0). The

proper inversion theorem to be used is the Fourier-Bessel theorem

[see, e.g., Sneddon, 1951, p. 65].
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[ x2(x) J, (kr) ax . (9a)

o]

g (r)

f (k) } rf(r) g, (kr) ar . (104)
o

By carrying out the algebra we find that

JORS I P 1 Bz 1 P o) -

(1318)

To evaluate £ (k), we must now specify the function p (r,0).
If N particles per unit solid angle are released at t = O,

p (r,0) may be represented by

P (r0) = Mn y Sle) | (124)
€

[See, e.g., Morse and Feshbach for the generalized form of the
Dirac delta function.]

Then we have

£ () im 2 } r(a-ﬁ+l)/2
o

2k 1
€~o0 238 (B-2) rl§-2’72 ]
x N & (r-e) ar
e(1-oz—f:i)/2 2k

=N ]
€ o0 2-B 2 B—2 ! -257

(-1)3 ( 2k }23
. 2-6 ) (3_2) 6(6-2)/2

(134)

s

Ch
I}

o
[
o
[

+

F‘)
[
)
+

[



where the definition of the Bessel function was used. Now, by

combining terms and expanding, we have

oN  lim  (l-o-8)/2+ 2(B-1) , k 12—31
£ (k) = TB e—=o € 2 ('s—_f)
. 1 ) 1 (2 ) B2
- ™ - -,
Fa+&&) Mo+t P2
+ consts ea('&"z) F eeee
-1
- &N lim o, k y2 1
f (k) - 2_6 € -0 € ( B_a ) r—q(l + %l)
)
1 ok |2 2
- (25) P
+ consts 62('&2) +  seee .

From the last expression we observe that as we let ¢ = o, we

must restrict ourselves to B < 2, otherwise the expression

becomes undefined. With this restriction in mind we finally

have
-1
f0 - B () 3 see.
g%y ]

(1)
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It is not obvious to the author why such a restriction on B
should exist; the physical meaning of it is not immediately

apparent. Now let us substitute (1b4A) into (7A).

N °° o .k )(ms-l)/(z-a)

[
-
a-'
=
|
|

p (r,7)

1

. T”[ {a+1)/(2-8) ]

2 2k 1
e (-0 L1 55y moe ]

20 1 1
&P r‘ [ (a+1)/(2-8) ] (5-2)(0”’5‘17/ (2-g)

x {)dkk(“*ﬁ-l)/(a"ﬁ)*l 5, 155 Goplee (-F7).

An integral of this general form can be evaluated { see Watson, 1922] .

aD
I J, (at) exp (-p2 t2) £ gt
(o]
Y 2
= —Fomg o (-25) .
24V+1
(2p°) kp

Therefore, we have
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P ) = TR " i)
(2-p) BN @B) (O (au1)/(2p) ] (D
2
x exp _-_a.,;f_
(e-B)° 1

By substitution of M t for 7, we have finally
1 (a#1)/(2-8)

N 1l
(2-8) 22PN (28) 1 (41)/(2-p) ] (w

2-8

1 1 r 1
- - . (154)

* o)) ® N (op)p © )

P (r:t) =

This is the desired solution of equation (1A). To see whether
it reduces to the proper form in special cases » let us tazke =2
(spherical geometry), p=0 (ordinary diffusion equation with

constant diffusion coefficient). Then equation (15A4) becomes

2
p (r,t) = L 1 (-2—)
i 22 [ [3/2] [mt)/2 P T e

2
N T
T T R

We recognize this as the solution of the diffusion equation with
constant diffusion coefficient M, in the case of an infinitely
extensive medium. Our solution then reduces to the proper

form, as it should.
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FIGURE CAPTIONS

Figure 1. Semilogarithmic plots of the time variation of
intensity of monoenergetic particles for various
heliocentric radial distances.

Figure 2. A check on the asymptotic approach to a £ decay
at r = 1 AU.; as late as 50 hours after the event,
the asymptotic value has not been reached. The constants
are those of Figure 1l.

Figure 3. Variation of the intensity as a function of position
in space at selected times. Pifty hours after the event
the intensity is essentially constant over the range of
r shown.

Figure U4. The best approximation to a straight line is found
for B = 2/3 (for an assumed & = 2). I is in (particles)
x (mn2 sec sterad)-l and t in hours.

Figure 5. The July 18, 1961 event.

Figure 6. The event of April 15, 1963 [data courtesy of
L. A. Fran.k]o

Figare 7. The complex structure of the intensity time profile
of April 15, 1963 event.

Figure 8. Analysis of the data of Bryant et al. [1964] for the
September 28, 1961 event. I is in (m2 sec stera.d)'l.

Figure 9. Same as Figure 8 for different energy range.
Figure 10. Same as Figure 8 for different energy range.

Figure 11, Same as Figure 8 for different energy range.
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Figure

Figure
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Figure

Figure

12. Same as Figure 8 for different energy range.
13. Same as Figure 8 for different energy range.

14. The data for E > 4O MeV from the September 28, 1561
event. The value of B is uncertain due to the poor
quality of the date late in the event.

15. The dependence of B on energy for the event of
September 28, 1961.

16. The dependence of the diffusion coefficient on
position in space for the event of September 28, 1961.

17. The diffusion coefficient as a function of energy
at r = 1 A.U. The data are taken from Table I.

18. The mean-free-path as a function of energy for
the event of September 28, 1961 at r = 1 A.U.

19. The differential energy spectrum at t=0C as a power
law in energy for the 28 September event 1961.

20. The differential energy spectrum at t=0O as an
exporential in energy.

21. The differential rigidity spectrum at t=0 as a power
law in rigidity.

22. The differential rigidity spectrum at t=0 as an
exponential in rigidity.

25. The differential energy spectrum for chosen times
for the event of September 28, 1961 as predicted by
the model.
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